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Abstract. We prove the following results (1) (2) (3) on rclatfons between 
n-links and their components. 

(1) Let L = (Li, 1.2) be a (4fc + l)-link (4fc + 1 > 5). Then we have 

Arf L=ArfLi+ArfL2- 

(2) Let L = (Li, L2) be a (4fc + 3)-link (4fc + 3 > 3). Then we have 

aL=aLi+aL2- 

(3) Let n > 1. Then there is a nonribbon n-link L = (Li, L2) such that 
Li is a trivial knot. 

We prove the following results (4) (5) (6) (7) on band-sums of n-hnks. 

(4) Let L = (Li, L2) be a (4fc + l)-link {4/c + 1 > 5). 
Let K be a band-sum of L. Then we have 

Arf K=kT:iLi+kT:iL2. 

(5) Let L = (Li, L2) be a (4fc + 3)-link (4fc + 3 > 3). 
Let K he a, band-sum of L. Then we have 

uK—uLi+uL2- 
The above (4) (5) imply the following (6). 

(6) Let 2m -I- 1 > 3. There is a set of three (2m -I- l)-knots i^o, Ki, K2 with 
the following property: is not any band-sum of any n-link L = (Li, L2) 
such that Li is equivalent to Ki {i — \, 2). 

(7) Let n > 1. Then there is an n-link L = (Li, L2) such that Li is 

a trivial knot (i = 1, 2) and that a band-sum of L is a nonribbon knot. 
We prove a 1-dimensional version of (1). 

(8) Let L = {Li,L2) be a proper 1-link. Then 

Arf L 

=Arf Li+Arf L2 +^{(3* (L)+mod4 {^lk{L)}} 

=Arf Li+Arf L2+mod2 {A(i)}, 
where (3*{L) is the Saito-Sato-Levine invariant 
and A(L) is the Kirk-Livingston invariant. 
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1 Introduction and main results 



We work in the smooth category. 

An (oriented) (ordered) m-component n- (dimensional) link is a smooth, ori- 
ented submanifold L = {Li, Lm} C 5*"+^, which is the ordered disjoint union 
of TO manifolds, each PL homeomorphic to the n-sphere. If to = 1, then L is 
called a knot. 

We say that n-links L and L' are equivalent if there exists an orientation 
preserving diffeomorphism / : 5*"+^ — » 5"+^ such that f{L)=L' and /|l : L — > 
L' is an orientation and order preserving diffeomorphism. If n-knot K bounds 
a (n + l)-ball C 5*"+^, then K is called a trivial (n-)knot. 

We say that m-component n-dimensional links, L and L', are said to be 
(link-) concordant or (link-)cobordant if there is a smooth oriented submanifold 

C={Ci ,...,C„i} C 5*"+^ X [0, 1], which meets the boundary transversely in dC, 
is PL homeomorphic to L x [0, 1] and meets 5*"+^ x {0} in L (resp. 5'"+^ x {1} 
in L' ). An n-link L is called a slice link if L is cobordant to a trivial link. 
We prove: 

Theorem 1.1. (1) Let Ah + I > 5. Let L = (Li,L2) be a {4k + l)-link. Then 
we have 

ArfL = ArfLi + ArfLj. 
(2) Let 4fc + 3 > 3. Let L ~ {Li, L2) he a (4fc + 3)-link. Then we have 

<jL = aLi + (7L2. 

Note. In §2 we review the Arf invariant and the signature. 

Furthermore we prove 1-dimensional version of Theorem 1.1. 

Proposition 1.2. Let L = (ii, L2) be a 1-link. Suppose that the Arf invariants 
of 2-component 1-links are defined, that is, that the linking numbers are even. 

(1) AiiL= Arfii + Arfia + ^{(3*{L) + mod4:{^lk{L)}} , 
where (3* {L) is the Saito-Sato-Levine invariant. 

(2) ArfL = ArfLi + ArfL2+mod2{X{L)} , 
where X{L) is the Kirk- Livingston invariant. 

Note. The Saito-Sato-Levine invariant is defined in |3^ The Kirk-Livingston 
invariant is defined in IT^ . 

In order to continue to state our main results, we need some more definitions. 
An n-link L = {Li, ...,Lm) is called a ribbon n-link if L satisfies the following 
properties. 

(1) There is a self-transverse immersion / : Z?"+^ 11 ... 11 1?"+^ 5*"+^ such 
that f{dD^+^) = L,. 

(2) The singular point set C (c 5'"+'^) of / consists of double points. 
C is a disjoint union of n-discs = 1, k). 

(3) Put f-\D^) = D^gUD^g. The n-disc D^^-g is trivially embedded in the 
interior Int D^"^^ of a l)-disc component D'^'^^. The circle dD^g is trivially 
embedded in the boundary dD^^^ of an (n -\- l)-disc component D^j^^. The n- 
disc DJg is trivially embedded in the (ri + l)-disc component L)^'^^- (Note that 
there are two cases, a — f3 and a ^ /3.) 

It is well-known that it is easy to prove that all ribbon n-links are slice. 
It is natural to consider the following. 
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Problem A. (1) Is there a nonribbon ?i-link L = (Li,L2) such that L,; is a 
ribbon knot (« = 1,2)? 

(2) Is there a nonribbon rt-Hnk L = (ii,L2) such that Li is a trivial knot 
{t = 1,2)7 

The n = 1 case holds because the Hopf link is an example. In |2|], the 
author gave the affirmative answer to the n = 2 case. In this paper we give the 
affirmative answer to the n > 3 case. We prove: 

Theorem 1.3.(1) Let n> \. Then there is a nonribbon n-link L = (Li,L2) 
such that Li is a trivial knot. 

Furthermore we have the following. 

(2) Let 2m + 1 > 1. Then there is a nonslice (2m + l)-link L — (Li,L2) 
such that Li is a trivial knot. (Note that L is nonribbon since L is nonslice.) 

(3) Let n > 2. Then there is a slice and nonribbon n-link L — (Li, L2) such 
that Li is a trivial knot. 

We need some more definitions. Let L = (Li,L2) be an n-link. An n-knot 
K is called a band-sum (of the components Li and L2 ) of the 2-link L along 
a band h if we have: 

(1) There is an (?i+l)-dimcnsional 1-handlc h, which is attached to L, embedded 
in S*. 

(2) There are a point pi G Li and a point p2 G £2- We attach /i to Li 11 L2 
along pillp2. hn (Li U L2) is the attach part of h. Then we obtain an n-knot 
from Li and L2 by this surgery. The n-knot is K. 

The set {Kq, Ki, K2) is called a triple of n-knots if Ki is an n-knot. A 
triple {Kq, Ki, K2) of n-knots is said to be band-realizable if there is an n-link 
L — (Li,L2) such that Ki (resp. K2) is equivalent to Li (resp. L2) and that 
Kq is a band-sum of L. 

Note: Suppose that a triple {Kq, Ki, K2) of n-knots is band-realizable. Then 
[Kq] = [Ki] -\- [Ko], where [X] represents an element in the homotopy sphere 
group 9„. See i|ll[ for 9„. 

It is natural to consider the following. 

Problem B. Let Kq, Ki, K2 be arbitrary n-knots. Then is the triple [Kq, Ki, K2) 
of n-knots band-realizable? 

By using the results in Q [ p2[ |p ^ , we can prove: we have the affirmative 
answer to the n = 1 case. By using [3l|, we can prove: if Kq, Ki, K2 are ribbon 
n-knots (n > 2), we have the affirmative answer. In ||2^, the author proved: 
there is a nonribbon 2-link L = (Li, L2) such that Li is the trivial knot and that 
a band-sum of L is a nonribbon knot. 'Nonribbon case' of the n-dimensional 
version (n > 2) is not solved completely. Thus, in this paper, we consider the 
following problems C, D, which are the special cases of Problem B. 

Problem C. Is there a set of three n-knots Kq,Ki,K2 such that the triple 
{Ki,K2,K^) is not band-realizable? 

In this paper we give the affirmative answer when n is odd and n > 3. 
(Theorem 1.4, 1.5.) 

Problem D. (1) Is there a set of one nonribbon n-knot Kq and two ribbon 
n-knots Ki,K2 such that the triple {Ki,K2, K3) is band-realizable? 

(2) Is there a set of one nonribbon n-knot Kq and two trivial n-knots Ki, K2 
such that the triple {Ki, K2, K3) is band-realizable? 
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In [g2j, the author gave the affirmative answer to the n = 2 case. In this 
paper we give the affirmative answer to the n > 3 case. ( Theorem 1.6. ) 

Theorem 1.4. Let 2ni+ 1 > 3. There is a set of three {2m + l)-knots Kq, Ki, 
K2 such that the triple (Kq, Ki, K2) is not band-realizable. 

Theorem 1.4 is deduced from Theorem 1.5. 

Theorem 1.5. (1) Let 4fc + 1 > 5. Let L = (^1,^2) be a (4fc + l)-link. Let 
K be a band-sum of L. Then we have 

kxiK = AiiLi+kiiL2. 

(2) Let Ak-\-3 > 3. Let L = (Li, L2) be a {Ak-\-3)-link. Let K be a band- sum 
of L . Then we have 

aK = (jLi + (tL2. 



Theorem Let n > 1. Let T be a trivial n-knot. Then there is a 

nonribbon n-knot K such that the triple {K, T, T) is band-realizable. 
Furthermore we have the following. 

(2) Let 2m + l > 1. Let T be a trivial {2m+l)-knot. Then there is a nonslice 
(2m + l)-knot K such that the triple {K,T,T) is band-realizable. (Note that K 
is nonribbon if K is nonslice.) 

(3) Let 2m+ 1 > 3. Let T be a trivial (2m + l)-knot T . Then there is a slice 
and nonribbon {2m -\- I) -knot K such that the triple {K,T,T) is band-realizable. 

Note. All even dimensional knots are slice. ([l0|].) 

[ p6| includes the announcement of this paper. 
Our organization is as follows: 

§2 Seifert matrices, the signature and the Arf invariant of n-knots (resp. 
n-links) 

§3 Some properties of band-sums 
§4 Proof of Theorem 1.1.(1) 
§5 Proof of Theorem 1.1.(2) 
§6 Proof of Proposition 1.2 
§7 Proof of Theorem 1.5 
§8 Proof of Theorem 1.4 
§9 Proof of Theorem 1.3.(2) 
§10 Proof of Theorem 1.3.(3) 
§11 Proof of Theorem 1.3.(1) 
§12 Proof of Theorem 1.6.(2) 
§13 Proof of Theorem 1.6.(3) 
§14 Proof of Theorem 1.6.(1) 
§15 Open problems 

In §9, we give an alternative proof of one of the main theorems of |^ and 
that of H]. In §10, we give a short proof of the main theorem of [Q. 

2 Seifert matrices, the signature and the Arf 
invariant of n-knots (resp. n-hnks) 

See the n = 1 case g[|o||^. See the n > 2 case Q |l|l. 
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Let -fT be a {2m + l)-knot {2m +1 > 1). Let y be a connected Seifert 
hypersurface of K. Note the orientation of V is compatible with that of K. 
Let xi, ...,Xfj, be (m + l)-cycles in V which are basis of Hm+i{V; Z)/Tor. Push 
Xi to the positive direction of the normal bundle of V. Call it a;^. A Seifert 
matrices of K associated with V represented by basis xi,...,a;^ is a matrix 
A = {uij) ~ {lk{xi,xf)). Then we have: A — (—1)™ ■'^A represents the map 
{H{V;Z)/Tot} x{H{V;Z)/Tor} Z, which is defined by the intersection 
product. 

The signature (y{K) of K is the signature of the matrix A +*A. Therefore, 
we have: 

Claim. // 2m + 1 — 4fc + 3(> 3), the signature of K coincides with the signature 

of V , where V is the closed oriented manifold which we obtain by attaching a 
(4fc + 4^) -dimensional 0-handle to dV . 

Letii'bea(4fc+l)-knot (4fc+l > 1). We regard naturally (i72fe+i(V^; Z)/Tor)(X) 
Z2 as a subgroup of /f2fc+i(l^; Z2). Then we can take basis xi, Xi,,yi, ...,yi, 
of {H2k+i{V; Z)/Tor) ® Z2 such that Xi ■ xj — 0, yi- yj — 0, Xi ■ yj — Sij for any 
pair {i,j), where • is the intersection product. The Arf invariant of K is mod 2 
^i:=ilk{xi,x+) ■ lk{yi,y+). 

Let L = iKi,K2) be a (2m + l)-link (2m + 1 > 1). Let F be a Seifert 
hypersurface of L. We define xi, xf , A, aL in the same manner. If 2m + 1 = 
4fc + 3(> 3), then aL is the signature of the closed oriented manifold V, where V 
is the closed oriented manifold which we obtain by attaching (4/c+4)-dimensional 
0-handles to dV. 

Let L ^ (ii, L2) be a (4fc + l)-link (4fc + 1 > 1). We define the Arf invariant 
of L = {Li, L2) (4fc + 1 > 1). There are two cases. 

(1) Let 4fc + 1 > 5. The Arf invariant of L is defined in the same manner as 
the knot case. 

(2) Let 4fc + 1 = 1. The Arf invariant of L — {Li, L2) is defined only if the 
linking number lk(Li, L2) of i is even. Then we can take basis xi, , ...,y^, z 
of Hi{V; Z)/Tor such that Xi • Xj — 0,Xi • yj — Sij, yi ■ yj = 0, Xi ■ z — 0,yi ■ z — 

0, z ■ z = 0. The Arf invariant of L is mod 2 T,'^^^lk{xi, xf) ■ lk{yi, yf). See e.g. 
Appendix of . 

3 Some properties of band-sums 

In our proof of main results we use the following properties of band-sums. 

Proposition 3.1. Let L — {Li,L2) be an n-link. Let K be a band-sum of L 
along a band h. 

(1) AiiK = ArfL. (n = 4fc + 1 > 5.) 

(2) aK = aL. (n = 4fc + 3 > 3.) 

(3) Knot cobordism class of K is independent of the choice of h. {n > 2.) 

(4) The following two equivalent conditions hold, {n > 1.) 

(i) Lf L is slice, then K is slice. 

(ii) If K is nonslice, L is nonslice. 

(5) The following two equivalent conditions hold. {n>l). 

(i) If L is ribbon, then K is ribbon. 

(ii) If K is nonribbon, L is nonribbon. 

Proof of (1)(2)(3). We need a lemma. 
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Lemma 3.2. There is a Seifert hypersurface V for L such that V H h is the 
attach part of h. 

Proof of Lemma 3.2. Let h x [—1, 1] be a tubular neighborhood oi h C 5"+^. 
Suppose h X [—1,1] n L is the attach part of h. Then we have [L] = G 

i?n(S'"+^ - (ft, X [-1,1]); Z). By the foUowing Claim 3.3, the above Lemma 3.2 
holds. Claim 3.3 is proved b y a n elementary obstruction theory. (The author 
gave a proof in Appendix of pq|.) 

Claim 3.3. Let X be a compact oriented (n + 2)-manifold with boundary. Let 
M be a closed oriented n-submanifold C X . We do not suppose that M DX = (jj 
nor that MdX ^ (jj. Let [M] — Cz Hn{X; Z). Then there is a compact oriented 
(n + 1 )-manifold W such that dW — M. 

Suppose that n is odd and that n > 3. By Lemma 3.2, a Seifert matrix of L is 
a Seifert matrix of K. By ||T^, Proposition 3.1.(1), (2), hold. Furthermore 
Proposition 3.1.(3) holds wEcn n is odd and n > 3. 

Suppose that n is even. By [|lO|, all even dimensional knots are slice. Hence 
Proposition 3.1.(3) holds when n is even. 

Proof of (5). Proposition 3.1.(5) holds by the definition of ribbon links. 
Proof of (4). If L = {Li, ...,L™} C 5"+^ = dB^+^ is a slice n-link, then 
there is a disjoint union of embedded {n + l)-discs, D — {Di, Dm} C i?""'"'^, 
such that D meets the boundary transversely in dC and that dDi = Li. D is 
called a set of slice discs for L. If L is a knot, D ~ Di is called a slice disc for 
L = Li. 

We prove (i). Let L = (ii, La) be embedded in 3^'''+^ = dB^"'+^ = 52m+4^ 
Let Dl"'+^ U i:»2™+2 ^ 52m+4 be a set of slice discs for L. Note that dI"'+^ n 
£)2m+2 _ Then we can regard ft, is a (2m + 2)-dimensional 1-handle which 
is attached to d2'"+2 n 01""+^. Put L> = ft U D2m+2 ^ £,2m+2^ rj.^^^ 
make a slice disc for K from D. 

4 Proof of Theorem 1.1.(1) 

Theorem 1.1. (1) LetAk + l > 5. Let L ^ (-^1,^2) be a {Ak + l)-link. Then 
we have 

AifL = ArfLi + ArfLa. 

Proof. We prove: 

Lemma 4.1. Let K be a {4:k + l)-knot C 3^''+^ = dB^''+^ C B^''+^ (Ak + 1 >b). 

Suppose that there is a compact (Ak + 2)-manifold M which is embedded in 
j^Ak+A ^j^/j ^/jg following properties. 

(1) M ndB = dM = K. 

(2) M intersects dB'^^'^'^ transversely. 

(3) H,{M; Z) = iJ,(t]«S'i X 5-4/0+1 „ £,4/c+2. z) for each i, where i is 
a nonnegative integer and \f3^ x 3'^''^^ = S""'^^. 

Then we have Arf(_ftr) = 0. 

Proof of Lemma 4.1. We first prove: 

Claim. /n order to prove Lemma 4-1, it suffices to prove the case where K is a 
simple knot. 
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Note. See for simple knots. Recall: If an {2w + l)-knot K is a simple knot, 
then there is a Seifert hypersurface V for K with the following propositions. (1) 
T^i{V) = i < w. (2) There are embedded spheres in V such that the set of the 
homology classes of the spheres is a set of generators of Hu,+i{V; Z). 

Proof of Claim. Take a collar neighborhood of 3'^^+^ = 55'"=+'' C 5'"=+". 
Call it 8^''+^ X [0, 1]. Push M n (S'^'^+s x [0, 1]) into the inside. 

By 0, there is an embedding / : 5"'=+^ x [0, 1] ^ 3^''+^ x [0, 1] with the 
following properties. 

(1) /(54'=+i X {!}) in S""=+3 x {1} is K. 

(2) /(5""=+i X {0}) in x {0} is a simple knot K'. 

Then Arfi^=Arfi^' and M U /(S""=+i x [0,1]) satisfies (1), (2), and (3) in 
Lemma 4.1. This completes the proof of the above Claim. 

We prove Lemma 4.1 in the case where K is a simple knot. There is a Seifert 
hypersurface V for K with the following properties: (1) TViV = 0(1 < i < 2k). 
(2) There are embedded spheres in V such that the set of the homology classes 
of the spheres is a set of generators of H2k+i{V; Z). 

Then we have: 

fT(v7\^f forz7^2fc+l,0 
H,{V,Z.) - I for* = 2fc + l, 

H2k+i{V;Z)®Z2=H2k+iiV;Z2), 
H2k+i{V U M; Z) ® Z2 = H2k+i{V U M; Z2), 
and 

f for i = 2fc + 2 

H,{VUM;Z2) = \ H2k+i{V;Z2) for i = 2fc + 1 
[ for i 2k. 

By Claim 3.3, there is a compact oriented (4fc + 3)-submanifold W C B^^'^'^ 
such that dW ^VUM. 

Take the Meyer- Vietoris exact sequence: 

H,iV U Af; Z2) ^ Z2) ^ F U M; Z2) 



Consider the following part of the above sequence: 
H2k+2{VUM;Z2) ^ H2k+2{W;Z2) ^ H2k+2{W,VUM;Z2) ^ 
H2k+i{V U M; Z2)^H2k+i{W; Z2) ^ if2fc+i(VF, F U M; Z2) -> 
ff2fc(l^UAf;Z2). 
Therefore we have 

^ H2k+2{W; Z2) ^ F2fe+2(T^, y U M; Z2) ^ 
Zl''^H2k+i{W;Z2)^H2k+i{W,VUM;Z2) ^ 
0. 

By using the Poincare duality and the universal coefRcient theorem, we have 
iJ2fc+2(W^;Z2) = H2k+iiW,V U M;Z2) and i?2fc+i(W^; Z2) = H2k+2{W,V U 
M-Z2). 

Hence there is a set of basis xi, x^, yi, G iJ2fc+i(l^; Z2) with the 
following properties. 

(1) Xi ■ Xj = 0, j/i • Uj = 0, Xi ■ Uj = 5ij, where • denote the intersection 
product. 

(2) Let / be the above map H2k+i(y U A/;Z2) ^ i72fc+i(W^; Z2). Then 
f{xi) = 

(3) Xi is represented by an embedded (2fc + l)-sphere in V . 



7 



We prove: 

Lemma.// morf 2 lk(xf , Xi)=0 for each i, then KrlK^O, where xf is one in ^2. 

Proof. Putp : H2k+i{V; Z) H2k+i{V; Z2). There is a basis afi , ...,af^,2/i, ...,?/"^ 
G H2k+i{V; Z2) with the foUowing properties. 

(1) Xi ■ Xj = 0, iji ■ yj = 0, Xi ■ yj = Sij, where • denote the intersection 
product. 

(2) Xi = p{xi). yi = p{yi). 

Then \k{xi^ , Xi)=\k{xf , Xi) mod 2 and \k{yi^ , yi)=\k{y^ , yi) mod 2. 

ArfX= mod 2 Sf^^ lk(x- +, x,)- lk(y^+, y.) = mod 2 Sf^^ lk(a;,+, x,)- l^y^+,y^) 
Hence the above Lemma holds. 

Let a be a Z2-(2fc + 2)-chain in W which bounds Xi. Let /3 be a Z2-(2fc + 2)- 
chain in 5""=+^ which bounds x^. Then 7 =aU/3 is a Z2-(2fc + 2)-cycle in ^4^+4^ 
We prove: 

Claim. T/ie Z2-intersection product ^ ■ ^ in ij4fc+4 jg jTiod ^ lk(x^,Xi). 

Proof. Push off a to the positive direction of the normal bundle of W in 
X. Call it Q!+. Note bounds a;^. By considering the collar neighborhood 
^4fc+3 ^ jQ^ j^j^ .^g ]-^ave that the Z2-intersection product 7-7 is the mod 2 number 
of the points a+ fl /3. 

It holds that mod 2 lk(a;"'",a;) is the mod 2 number of the points n (3. 
Hence 7 • 7 = mod 2 lk(a;"'", x). 

Claim. T/ie Ti-^-intersection product ^ ■ ^ in ij4fc+4 jg ^ero. 

Proof. H2k+2{B; Z2) = 0. Hence 7-7 = 0. 
This completes the proof of Lemma 4.1. 
We go back to the proof of Theorem 1.1.(1). 

In pq|, the author proved the following. pq| includes the announcement. 



Theorem. (See ||25[ ||26[.) Let Lq = (Loa,iob) be a (4fc + l)-link (Ak + I > 
5). Then there is a boundary link Li = and a compact oriented 

submanifold P HQ C S^''^^ x [0, 1] with the foUowing properties. 

(1) P = X [0, 1]. Put dP = PoUPi. 

Q = (51 X 54^+1 ) - B4fc+2 _ 54/0+2^ p^f- dQ = QoUQi. 

(2) P (resp. Q) is transverse to S^^^^ x {0, 1}. 

(3) {f{Pi),f{Qi)) m (S"*''-+i X {i}) is a link L, (i = 0,lj, where (PnQ)n 
(^4fe+lx{z}) IS (/(P.),/(0.))- 

In order to prove Theorem 1.1.(1), it is suffices to prove that Arf Lq = 
ArfLoa+ Arf Xob- 

Since Loa is cobordant to iia, we have Arf Lpa^Arf Lia- 

Take Lo&tt^if)- By using Q, we can make a manifold like Af in Lemma 4.1 
for LobjiLif,. By Lemma 4.1, we have Arf Lgti^Arf Lu. 

Since Li is a boundary link, there is a Seifcrt surface Via for Lia ( resp. V^if, 
for Lib ) such that Viq n Vu = (j). Let Ki be a band-sum of Li along a band /i 
such that h fl {Via H Vu} is the attach part of h. By considering Via, Vu, and 
/i, we have Arf i<ri=Arf Lia+Arf Ln,. 

Let Kq be a band-sum of Lq. By Proposition 3.1.(1), Arfi4ro=Arf Lq. 

Take Lq and -LJ in S^fe-i-s g^^j^ ^j^^^ jg embedded in a ball B^fe-i-a ^^^j 
that is embedded in 8^''+^ - B*''+^. Make Kq in B^fc-HS j^^j^g 
^4fe+3 _ B^k+3_ rp^jjg connected-sum ifotl(-^i*)- By using P H g and band- 
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sums, we can make a manifold like M in Lemma 4.1 for Ko^{—K*). By Lemma 
4.1, we have Arf KQ=ATf Ki. 

Hence Arf Lq 

=Arf Kq 

=Arf Ki 

=Arf Lia+Arf Lu 
=Arf Loa+Arf L^b- 

This completes the proof of Theorem 1.1.(1). 
Note. (1) If bPik+2 = Z2, the proof of Theorem 3.5.(1) is easy. See fill for 
bP4k+2- Because: An arbitrary n-knot bounds a Seifert hypersurface. An arbi- 
trary Seifert hypersurface is a compact oriented parallelizable manifold. There- 
fore [Kq], [Ki], [K2] € bP4k+2 C Qik+i- If bP4k+2 — Z2, then the Arf invariant 
of Ki as a manifold coincides with the Arf invariant of Ki as a knot. 

(2) There are integers k such that bP4k+2 — 1- Sec [Q |Tl|] . 



5 Proof of Theorem 1.1.(2) 



Theorem 1.1. (2) Let 4A; 4^ 3 > 3. Let L ^ (^1,-^-2) be a (4fc -I- i)-link. Then 

we have 

aL = aLi + aL2. 

Proof. Let L L_) be a (4fc + 3)-link (4fc-|-3 > 3) C 3^''+^. Let V (resp. 

V+,V-) be a Seifert hypersurface of L (resp. L+,L-). Take ^^fc+s ^ [-1,1]. 
Regard L^{L+,L_) as in S'^'^+s x {0}. 

Take L+ X [0, 1] in 3^''+^ x [0, 1] so that L+ x {t} is embedded in 3^'"+'" x {t} 
and that x {0} coincides with in L in ^^fc+s ^ |q|^ 

Take L_ x [-1, 0] in 3'^''+^ x [-1, 0] so that L_ x {t} is embedded in 3^''+^ x 
{i} and that i_ x {0} coincides with i_ in L in ^^fc+s ^ |q|_ 

Then it holds that (L+ x {01, L_ x {0}) in 3'^''+^ x {0} is L. 

Take V (resp. F+.V'-) in S^^+s x {0} (resp. S"*'=+5 x {1}, S'^'^+s x {-1}). 

Put W = V+U{L+x [0, 1]) U (-V^) U (L_ X [-1,0]) U V_. Note D L. 

By Claim 4.2, there is a compact oriented (4fc-|-5)-submanifold X C 5"*'^+^ x 
[-1, 1] such that dX = W. Hence 

a{W) = (i). 

By the definition of W, 

a{W) = a{V+)+a{-V)+a{V-) =a{V+)-aiV)+(j{V-) (ii). 

By (i)(ii), a{V) = (t{V+) + (riV-). Hence a{L) = a{L+) + (t(L_). 



6 Proof of Proposition 1.2 

Proposition 1.2. Let L = {Li, L2) be a 1-link. Suppose that the Arf invariants 
of 2-component 1-links are defined, that is, that the linking numbers are even. 

(1) ArfL= Arfii + ArfLa + {L) + modA{^lk{L)]] , 
where P*{L) is the Saito-Sato-Levine invariant. 

(2) ArfL = ArfLi + ArfL2+mod2{X{L)} , 
where X{L) is the Kirk- Livingston invariant. 

Proof. Put the Conway polynomial Vl(z) of L = (Li,L2) to be Vl(z) = 

ci ■ z + C3 ■ z'^ + By Lemma 3.6 of ||], 

ci{L)=lk{L) (i). 
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The Saito-Sato-Levine invariant /3( ) G Z4 is defined in for L = (Li, L2) 
whose linking number is even. It is a generalization of the Sato-Levine invariant 
e Z2 in p^. 

Let 1k(I/) be even. By Theorem 4.1 of [ pO| , 

I3*{L) = modA{2c-i{L) - \ci{L)] (ii). 

By (i) and (ii), 

/3*(i)=mod4{2c3(L)}-mod4{i/fc(i)} (iii). 

By (iii), 

mod2{c3(£)} = i{/3*(L)+mod4{i;fc(i)}}— (iv). 
Note. The first ^ in the right side make sense. We can regard the right side 
as an element in Z2. 

The Kirk-Livingston invariant A( ) is defined in ||l5|. By the definition of 
A( ) and Theorem 6.3 of pj, it holds that: If lk(L) IS even, 
mod4{A(L)} =mod4{c3(L)}. -(v) 

By (v), 

mod2{A(i)} =mod2{c3(i)}. -(vi) 

By ll^, it holds that: If lk(L) is even, 

mod2{c3(L)}=ArfL+ArfLi+ArfL2 (vn). 

By (vi)(vii), Proposition 1.2.(2) holds. By (iv)(vii) Proposition 1.2.(1) holds. 
Note. Let lk(L) be even. Then, by (iii) and (v), we have 
13* [L) = mod 4{2A(L) - \lk{L)}. It is written in Addenda of [KL] that the 
author proved this result. 

7 Proof of Theorem 1.5 

Theorem 1.5. (1) Let 4fc + 1 > 5. Let L ^ (^1,^2) he a (4fc + l)-link. Let 
K he a hand-sum of L. Then we have 

kxiK = ArfLi + ArfLz. 

(2) Let 'ik + i>2). Let L — (Li, L2) he a {4k + 3)-link. Let K be a hand- sum 
of L . Then we have 

aK = (jLi + (7X2 • 

Proof of (1). By Proposition 3.1(1), Arf K=Ari L. By Theorem 1.1.(1), 
ArfL = ArfLi + ArfL2. Hence AiiK = ArfLi + ArfLz. 

Proof of (1). By Proposition 3.1.(2), aK = aL. By Theorem 1.1.(2), 
aL = aLi + aL2. Hence aK = aLi + aL2. 

8 Proof of Theorem 1.4 

Theorem 1.4. Let 2m + 1 > 3. There is a set of three (2m + l)-knots Kq, Ki, 
K2 such that the triple {I'Cq, Ki, K2) is not hand- realizable . 

Proof of the 2m+l = 4k+l>5 case. There is a (4fc+l)-knot (4A:-|-1 > 5) 
whose Arf invariant is zero (rcsp. nonzero). 

Proof of the 2m + 1 = 4k + 3 > 3 case. There is a (4fc + 3)-knot (4A: + 3 > 3) 
whose signature is zero (resp. nonzero). 
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9 Proof of Theorem 1.3.(2) 



Theorem 1.3.(2) Let 2m + 1 > 1. Then there is a nonslice (2m + l)-link 
L — (Li,L2) such that Li is a trivial knot. 

Proof of the 2m + 1 = 4k + 1(> 1) case. We prove: 

Proposition 9.1. There is a nonslice (4fc + l)-link L — {Li,L2) (4:k + I > 1) 
such that Li is a trivial knot (i ~ l,2j. 



Proof. Let V, be a Seifert surface for L,. Let ^ (S'^'^+i x S^''+^) - S4'^+2. 
Suppose 14 n V2 = 4>- Let a,b be basis of i/2A-+i(Vi, Z). Let c,d be basis of 

H2k+l{V2, Z). 

Let K he a band-sum of L along a band h. Suppose hnV is the attach part 
of h. Put V = ViUV2Uh. 

We can suppose that a Seifert matrix of Li associated with Vi represented 
by basis a, 6 is 
1 1 


We can suppose that a Seifert matrix of L2 associated with V2 represented 
by basis c, d is 
1 



1 

We can suppose that a Seifert matrix of K associated with V represented 
by basis a, 6, c, d is 
/ 1 1 \ 
10 
10 1 

V 1 y 

One way of construction of K is the foUowing one: Take a baU c 
^4fc+3^ Take a submanifold V{ in B^fe+s -^yhich is equivalent to Vi. Take a 
submanifold V2 in 8^'^+^ - B'^^+^ which is equivalent to V2. Let L- be dV- . 
Take a connected-sum L'j^flLj- By using pass- moves, we can make K from L'j^flLj- 
(Pass-moves for 1-knots are defined in B. Pass-moves for {2n + l)-knots are 
defined by the author in [|l.(2n -f 1 > 3^) 

we can make K from L^jJLj. 

We have 

/ 2 1 \ 



det {A +* A)^det 



= -15. 



10 2 
2 1 

V 1 2 y 

^ ^ is a (4 X 4)-matrix. Hence (7{A -f * A) ^ 0. Hence K is nonslice. 
By Proposition 3.1.(4), L is nonslice. This completes the proof when 2m -I- 1 = 
4A:-|- 1(> 5). 

Proof of the 2m -I- 1 = 4k + 3(> 3) case. We prove: 

Proposition 9.2. There is a nonslice (4fc + 2>)-link L — {Li,L2) (4:k + 3 > 3) 
such that Li is a trivial knot (i — 1,2). 



Proof. Let be a Seifert surface for L,. Let ^ (S'2'=+2 x 3^''+^) ~ S4'=+4. 
Suppose Vi n V2 = 0. 

Let a, b be basis of -ff2fe+2(^i, Z). Let c, d be basis of -ff2fe+2(^2, Z). 
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Let K he a band-sum of L along a band h. Suppose ft. n F is the attach part 
of h. Put V = ViUV2Uh. 

We can suppose that a Seifert matrix of Li associated with Vi represented 
by basis a, 6 is 
1 1 



associated with V2 represented 





We can suppose that a Seifert matrix of L2 
by basis c, d is 
1 
1 

We can suppose that a Seifert matrix of K associated with V represented 
by basis a, 6, c, d is 

\ 



A = 



-1 



We can construct K by a similar way to the way of construction of the knot 
K in Proof of Proposition 9.1. 



26 of 



17|, ^ is not a Seifert matrix of any slice knot. Hence K is 



By §25, ^ 

nonslice. By Proposition 3.1.(4), L is nonslice. This completes the proof when 
2m + 1 = 4/c-|-3(> 3). 

This completes the proof of Theorem 1.3.(2). 
Note. (1) The above (4fc + 3)-knots K are discussed in [|l|l[0. 

(2) By using the above link L, we can give a short alternative proof to one of 
the main results of [||, jo). The theorem is that there is a boundary (2m-|-l)-link 
(2m + 1 > 1) which is not cobordant to any split link. Proof: If the above link 
L is concordant to a split link, then L is slice. Therefore L is a boundary link 
which is not cobordant to any split link. 

prove a theorem which is close to this theorem but different from this 
theorem. 

(3) We give a question: Do we give some answers to Problems in §1 by using 

iiiii? 



10 Proof of Theorem 1.3.(3) 



Theorem 1.3.(3) Let n > 2. Then there is a slice and nonribbon n-link L = 
(ii,-L2) such that Li is a trivial knot. 

Proof of the n > 3 case. Recall that the following facts hold by Theorem 
4,1 of II or by using the Mayer- Vietoris exact sequence. See, e.g., §14 of |]17| 
for the Alexander polynomials. See, e.g., p. 160 of [Rolfsen] and n& for tEe 
Alexander invariant. Let Xk denote the canonical infinite cyclic covering of the 
complement of the knot K. 

Theorem 10.1. (known) Let K be a simple {2k + l)-knot {k > 1). Let 
^K{t) be the Alexander polynomial of K . Suppose the {k + 1)- Alexander in- 
variant Hk+i{XK; Q) {(Q[t,t-i])/(5]^(t)} ©...® {(Q[t,t-i])/,5^(t)}. Then 
^K{t) — a ■ t^ ■ Sj^{t) S^{t) for a rational number a and an integer b and 
we can put Aj^ (1) = 1. 

Theorem 10.2. (knov^^n) Let be the spun knot of K^"-^ (n > I). 

Let Hk{Xj^(„);Q) (resp. iJfc(X^(„+i) ; Q) ) denote the k- Alexander invariant of 



12 



(j-pgp^ ^("+1) ^ Suppose that K^"^ hounds a Seifert hypersurface V such 
that Hi{V; Z) ^ 0. Then iJ2(X("+i); Q) ^ iJal^^'); Q). 

Proposition 10.3. (known) Let &e i/ie spttn knot ofK'^''^ (n>l). 

If iff") has a simply connected Seifert hypersurface, then has a simply 

connected Seifert hypersurface. 

We prove: 

Proposition lOA.Let K be a nhhon n-knot C 5"+^ (n>l). Then H2(X^; Q) 
does not have Q[t,t~^]-torsion. 

Proof. Since K is ribbon, there is a Seifert hypersurface V which is diffeo- 

Q for I = 1, n 



morphic to x S^ - £»"+!. It holds that H,(V;Cl) - . ^ , . , 

' tor I ^ 1, n. 



it holds that Hi{Y;Q,) S 



Let N{K) be a tubular neighborhood of K in 5"+^. Put X = ^"+2 - N{K). 
The submanifold VnX is called V again. Let N{V) be a tubular neighborhood 
of V in X. Put Y = X — N{V). By using the Mayer- Vietoris exact sequence, 

Q for i = l,n 
for i ^ 1, n. 

Let p : Xk ^ X he the canonical projection map. Put p~'^{N{y)) = 
U°^_oo^j- Put P'\Y) = Uj^-oo^/- Suppose 9r/ c V.j H V,+i. Put F^- = 
Vj U Yj' U Vj+i- Then there is the Mayer- Vietoris exact sequence: 

H,{\l%_^Vj;Q) - H,{^f^_^Y,-Q) ^ Q)- 

Consider the following part: H2{\l%_^Yj-q) H2{Xk;Q) ^ Hi{U^^_^Vj 

Hence H2{Xk]Q) ^ ©^Q[t,t^-^] is exact, where /i is a, nonnegative 
integer. Therefore Proposition 10.4 holds. 

Take a 3-link L = (£,1,^2) C in the proof of Theorem 1.3.(2). 

Suppose L C C S^. Let a : x R — »■ x R be the map defined by 
{x,y) (.T, -y). 

Suppose that L C x {y\y > 0}, that Li D (R^ x {y\y = 0}) is a 3-disc 
Df. Note Df n D'^ = cf). The link a{L) is called -L* = {-LI, -L|). The link 

({Li U {-L*)} - Df, {K2 U {-K^)} - Dl) is called L = (Li,L2). 

We prove: 
Claim. L is slice and nonribbon^ 

Proof. Firstly we prove that L is slice. Take R^ x R x {z\z > 0}. Regard 
R^ X R as R^ X R X {z\z = 0}. Put 

Fo = R'* X {{y,z)\y = r ■ cos9,z = r • sinO.r > 0,9 : fix. }, where < 
9 < TT. Regard R^ x R x {zjz > 0} as the rotating of Fq around the axis 
R^ X {0} X {0}. When rotating Fq, we rotate L - Df - as well. The result 
of rotating L — — D\ is a set of slice discs for L. Hence L is slice. 

Secondly we prove that L is nonribbon. Take Seifert hypersurfaces Vi and 
V2 in the proof of Theorem 1.3.(2) for L. Suppose Vi, V2 C R^ x {y\y = 0}. 
Suppose Jhat Vi D (R^ x {y\y = 0})=£)|;^Put = U a{Vi). 

Let JiT be a band-sum of L = {Ki,K2) along a band h. Suppose h nV^ is 
the attach part of h. Then a Seifert matrix of the 3-knot K is 

/I 1 \ 
p,XO\, „ 0010 
^='0 -X j'^l^e'^e^^ 0-101 

V 1 y 
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Then det(X + t -^X) is the Alexander polynomial of K (sec |T6|0 ). By 
Theorem 10.1, Hjn+i{X~;Q) has Q[t, t~-'-]-torsion. By Proposition 10.4, K is 
nonribbon. By Proposition 3.1.(5), L is nonribbon. 

Next we prove the n > 3 case. Let L(3) = (Lf\L^^^) be the above 3-link 
L — (Li, L2). For any band-sum 

of L(3), H2{XKi;)) has Q[t,t-i]-tor sion. 

Let L("+i) = (i^"+'\4"^'') be a spun link of L^") = (l1"\4''^) (n > 3). 
We can take /i^") and so that the band-sum of along 

is a spun knot of K^"'\ ( Put the core of the band in the axis of the rotation. ) 

By Theorem 10.2 and Proposition 10.3, HiiX^^y.Q) = H2{X^iz);Q) {n > 
3). Hence H2{Xj^(n)) has Q[t, t^-'-J-torsion. By Proposition 10.4, K'^"^ is non- 
ribbon (n > 3). By Proposition 3.1.(5), L'^"-' is nonribbon. 

bmce IS a spun link, L^") is slice (n > 4). Hence L(") is shce (n > 3). 

This completes the proof of the n > 3 case. 
Proof of the n = 2 case In |E2[ the author made a nonribbon 2-link as follows: 
Let K he a, 2-knot. Let A^(_ft'jbe a tubular neighborhood. We made a way to 
construct a 2-link — (Lf^,Lf) in N{K). We proved that there is a 2-knot 
K' such that is nonribbon. 

We prove: L^' is slice. Because: Let K C S'^ = dB^ = . Take a 
shce disc Z?^ C B^ for K. Take a tubular neighborhood N{D'^) of I?^. Note 
N(D^)r\S'^ = N{K). Suppose that X is a trivial knot and that is embedded 
trivially in B^ . Then we can make a set of slice discs (-Df^, D2) for {L^ , L^) 
such that {0^,02) is embedded in N{D^). Take a diffeomorphism map / : 
NiD^) N{D^') such that /(if) = if. The submanifold /(I?f ) is called 
Df' . Then {Df,Df) is a set of slice discs for L^' . 

Note. (1) By using this section we can give a short alternative proof of the 
main theorem of m: there is a nonribbon and slice n-knot (n > 3). 

(Nonribbon 2^nots and nonribbon 1-knots are known before Q is written 
as quoted. ) 

(2) In Proposition 10.4, furthermore, we can prove that Hi{XK \ Z) = for 
2 < i < n- 1. 



11 Proof of Theorem 1.3.(1) 

Theorem Let n > 1. Then there is a nonribbon n-link L = (Li,L2) 

such that Li is a trivial knot. 

Proof. The n — 1 case holds because the Hopf link is an example. The n > 2 
case follows from Theorem 1.3.(2), (3). This completes the proof. 



12 Proof of Theorem 1.6.(2) 

Theorem 1.6. ('^J Lei 2m-|-l > 1. Let T be a trivial {2m + I) -knot. Then there 
is a nonslice {2m + l)-knot K such that the triple {K,T,T) is band-realizable. 

Proof. K and L — (Li, L2) in the proof of Theorem 1.3.(2) give examples. 
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13 Proof of Theorem 1.6.(3) 



Theorem 1.6.(3) Let 2to + 1 > 3. Let T be a trivial {2m + l)-knot T. Then 
there is a slice and nonribbon (2m + l)-knot K such that the triple {K,T,T) is 
band-realizable. 

Proof. K and L = (Li, L2) in the proof of Theorem 1.3.(3) give examples. 

14 Proof of Theorem 1.6.(1) 

Theorem \.6.(1) Let n > 1. Let T be a trivial n-knot. Then there is a 
nonribbon n-knot K such that the triple {K, T, T) is band-realizable. 

Proof. K and L = (Li,L2) in the proof of Theorem 1.3.(3) give examples 
for the n > 3 case. K and L = {Li,L2) in the proof of Theorem 1.3.(2) give 
examples for the case where n > 1 and n is odd. The n = 2 case follows from 
[ p2[ . This completes the proof. 

15 Open problems 

Even dimensional case of Problem C in §1 is open. If the answer to the following 

problem is positive, then the n = 2 case of Problem C is positive. 

Problem 15.1 Let L = {Ki,K2) be a 2-link. Do we have: /i(i) = l^{Ki) + 

/^(^2)? ^ ^ _ . . . 

See psj for the /^-invariant of 2-knots. See p3] for the /i-invariant of 2-links. 
In [p3| the author proved: if L is a SHB linkTthe answer to Problem 15.1 is 
positive. 

If the answer to Problem 15.1 is negative, then the answer to the following 
problem is positive. 

Problem 15.2 Is there a non SHB link? 

We can define an invariant for (4k+2)-knots corresponding to the /i invariant 
for 2-knots. We use this invariant and make a similar problem to Problem 15.1. 
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